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ABSTRACT
The purpose of this paper is to investigate several characterizations of interval valued vague weakly Volterra space
and derive its relations with other spaces.
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1. INTRODUCTION

In order to deal with uncertainties, the idea of fuzzy set and its operations were introduced by L. A. Zadeh[11] in his
classical paper in the year 1965, describing fuzziness mathematically for the first time. The concept of fuzzy
topology which was defined by C. L. Chang[1] in the year 1968, paved the way for the subsequent and tremendous
growth of the numerous fuzzy topological concepts. Today fuzzy topology has been firmly established as one of the
basic disciplines of mathematics. In 1993 Gau and Buehrer [5] introduced the concept of vague set which was the
generalization of fuzzy set with truth membership and false membership function. The concept of Volterra spaces
have been studied extensively in classical topology in [2],[3],[4] and [7]. The concept of fuzzy Volterra spaces and
fuzzy weakly Volterra spaces in fuzzy settings was introduced and studied by G. Thangaraj and S.
Soundararajan[10] in 2013. In this paper several characterizations of interval valued vague weakly Volterra spaces
are studied and the inter- relations between interval valued vague o - baire space, interval valued vague almost
resolvable space, interval valued vague submaximal spaces, interval valued vague first category spaces, interval
valued vague second category spaces are also investigated.

PRELIMINARIES
Definition 2.1: [6] Let [I] be the set of all closed subintervals of the interval [0,1] and £ =[z , 4,1 €[], where

M, and g4, are the lower extreme and the upper extreme, respectively. For a set X, an IVFS A is given by equation

A={< X, £, (X) >/ x € X}where the function £z, : X —[I]defines the degree of membership of an element

xto A, and g2, (X) = [ (X), t£a, (X)]is called an interval valued fuzzy number.
Definition 2.2: [5] A vague set A in the universe of discourse U is characterized by two membership functions

given by:

() A true membership function t, :U —[01] and

(i) A false membership function f, :U —[01]
where t, (X) is a lower bound on the grade of membership of x derived from the “evidence for x”, f,(X) is a lower
bound on the negation of x derived from the “evidence for x”, andt,(X)+ f,(X) <1. Thus the grade of
membership of u in the vague set A is bounded by a subinterval [t,(X),1— f,(X)] of [0,1]. This indicates that if
the actual grade of membership of x is p(x), then, t,(X) < u(x) <1— f,(X).The vague set A is written as
A= {<X, [ty (x).1- fA(X)]>/u eU }where the interval [t,(X),1— f,(X)]is called the vague value of x in A,

denoted by V, (X) .
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Definition 2.3:[9] An interval valued vague sets A" over a universe of discourse X is defined as an object of the
form AY ={< X [Tz (%), Fa (X)]1>, % € X} where Tz, 1 X — D([01]) and F5, : X — D([01]) are

called “ truth membership function” and “false membership function” respectively and where D[0,1] is the set of all
intervals within [0,1], or in other word an interval valued vague set can be represented by

A =<[(%),[ety, 1,1, [V, V, 11 >, % € X where 0< g4, <, <1 and 0<v, <v, <1. For each interval
valued vague set AY, 7o (%) =1— 05 (X)) —V,z (X;) are called degree of hesitancy of xi in AY
respectively.

Definition 2.4:[8] An interval valued vague topology (IVT in short) on X is a family 7 of interval valued vague

sets(1VS) in X satisfying the following axioms.
(i) 0,ler

(ii) G, NG, er,forany G,,G, et
i) UG, e forany family {G,/ieJ}c .

In this case the pair (X ) T) is called an interval valued vague topological space (IVTS in short) and any IVS in 7 is
known as a Interval valued vague open set(IVOS in short) in X.

The complement AofalvoS AinalVTS (X, 7 ) is called an interval valued vague closed set (IVCS in short) in X.
Definition 2.5:[8] Let A={(x [tk (0.t 0L IL- f (01— £ (01} and
B :{<X,[té (x),ty (OLL- fo (X)1- fy (X)]>}be two interval valued vague sets then their union,
intersection and complement are defined as follows:
() AUB={< X,[t5 s ()t%s (L= f i g (01— F L (X)]> /X € Xwhere
tase (X) = max{t, (x),ts ()}, tae (x) = max{ty (x).t; (x)} and
1— e (X) =max{l— fy (x)1- fg ()}, 1— a5 (x) =max{l— f, (x)1- f5 (X)}
(i) ANB={<x, [t'/;mB (X),t;’ﬂB X)],[1- fALnB (x),1- fkjﬂB (X)] > / x € X}where
tane (X) = min{t; (X),t5 ()}, tang (X) = minty (x),t5 (x)} and
1— fag (X) =min{l— o (x).1— fo ()} 1— fag () =minfl— ) (x)1- f5' (X)}
Gii) A={< X,[fL(x), fY )L IL-th()1-tY (X)]>/x e X}
Definition  2.6:[8] Let (X,z) be an interval valued vague topological space and

A={<X,[t,';,t§ LL—fr1-f) ]>} be a IVS in X. Then the interval valued vague interior and an interval

valued vague closure are defined by
IV int(A) = U{G/G isan IVOS in X and G — A}

IVcl (A) = {K/K isan IVCS in X and A C K}
Note that for any IVS Ain (X,7), we have IVcl (A) = IV int(A)and V int(A) = IVcl (A).and IVl (A) is an
IVCS and IV int(A) is an IVOS in X. Further we have, if A is an IVCS in X thenlVcl(A)=A and if A is an IVOS
in X then IVint(A)=A.
Definition 2.7:[8] An interval valued vague set A in an interval valued vague topological space (X, 7) is called an
interval valued vague dense if there exists no interval valued vague closed set B in (X,7) suchthat Ac Bc1.
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Definition 2.8:[8] An interval valued vague set A in an interval valued vague topological space (X, 7) is called an

interval valued vague nowhere dense set if there exists no interval valued vague open set B in (X, 7) such that
B < IVcl(A). Thatis, IV int(IVcl (A)) =0.

Theorem 2.9:[8] If Ais an interval valued vague dense and interval valued vague open set in an interval valued
vague topological space (X,7) then A° isa interval valued vague nowhere dense set in (X, 7) .

Definition 2.10:[8] An interval valued vague topological space (X,7) is called an interval valued vague first

category set if A= Q(AI), where A’s are interval valued vague nowhere dense sets in (X,7). Any other
i
interval valued vague set in (X, 7) is said to be of interval valued vague second category.
Definition 2.11:[8] An interval valued vague set A in an interval valued vague topological space (X, 7) is called an
interval valued vague G -setsin (X, 7)if A= ﬁl(Ai)where Aerforiel.
i
Definition 2.12:[8] An interval valued vague set A in an interval valued vague topological space (X, 7) is called an
interval valued vague F_ -setsin (X,7)if A= Q(Ai)where Aecrforiel.
i
Definition 2.13:[8] An interval valued vague topological space (X, 7) is called an interval valued vague Volterra

N
space if IVClI([NA)=1, where Ai’s are interval valued vague dense and interval valued vague G -sets in
i=1

(X,7).
Definition 2.14:[8] Let(X,7) be an interval valued vague topological space. Then (X, 7) is called an interval

valued vague baire space if 1V int(U A') = Owhere A’s are interval valued vague nowhere dense sets in (X, 7) .
i-1

3. Interval valued vague weakly Volterra spaces:
Definition 3.1: Let (X,7) be an interval valued vague topological space. An interval valued vague set A in

(X, 7) is called an interval valued vague o - nowhere dense set if A is an interval valued vague FU set in
(X,7) suchthat IV int(A)=0.

Definition 3.2: Let (X,7) be an interval valued vague topological spaces. Then (X,7) is called an interval
valued vague o - Baire space if IV int(U A) =0, where A 'Sare interval valued vague o - nowhere dense set

i=1

(X,7).

Theorem 3.3: In an interval valued vague topological space (X, 7) an interval valued vague set A is an Interval
valued vague o - nowhere dense set in (X, 7) if and only if A® is an interval valued vague dense and interval

valued vague G -setin (X, 7).
Proof: Let A be an interval valued vague o - nowhere dense set in (X, 7). Then A= U(A,)where A° € 7 ,for
i1

ieland IVint(A)=0. Then (IVint(A))° =(0)°=1 implies that IVCI(A®)=1. Also
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A" =(UA)) =N(A ) where A’ ez for il . Hence we have A° is an interval valued vague dense and
i=1 i=1

interval valued vague G ;-setin (X, 7).

Conversely, let A be an interval valued vague dense and interval valued vague G -set in (X,7). Then
A=N(A)where A ez foriel .Now A° =(N(A))° =U(A’). Hence A°is an interval valued vague
i=1 i=1 i=1

F, setin (X, 7)and since A is an interval valued vague dense set we have (IV int(A®)) =0 .Therefore A is an
interval valued vague o - nowhere dense set in (X, 7).

Theorem 3.4: If A is an Interval valued vague dense set in (X, 7) such that B = A°, where B is an interval
valued vague F_ setin (X,7).Then B is an interval valued vague vague o - nowhere dense set in (X, 7).
Proof: Let A be an interval valued vague dense set in (X,7) such that B = A°.Now B < A° implies that
IV int(B) < IV int(A®) = (IVcl (A))° =0and hence IV int(B) = 0. Therefore B is an interval valued vague
o - nowhere dense set in (X, 7) .

Theorem 3.5: If A'is an interval valued vague F_ set and interval valued vague nowhere dense set in (X,7) then
A is an interval valued vague o - nowhere dense set in (X, 7).

Proof: Now A < IVcl(A) for any interval valued vague set in (X,7). Then, IV int(A) < IV int(IVcl(A)).
Since A is an interval valued vague nowhere dense set in (X,7z), IV int(IVcl(A)) =0and hence
IV int(A) = 0and A is an interval valued vague F_ set implies that A is an interval valued vague o - nowhere
dense setin (X, 7).

Theorem 3.6: If A'S(i=1,2,...N) are interval valued vague O - nowhere dense set in (X,7)and

N
v int(U A) =0, then (X,7) isan interval valued vague Volterra space.
i=1

Proof: Let A,'S(i=1,2,....N) are interval valued vague o - nowhere dense set in (X, 7)then A, 'Sare interval
valued vague F, set with IV int(A)=0. Now (IV int( A ))® =1. Then, we have IVcl(A°)=1. That is,
A°'sare interval valued vague dense set in(X,7). Since A, 'Sare interval valued vague F_ set, A°'sare

interval valued vague G(g -sets in (X, 7). Hence Aic's are interval valued vague dense and interval valued vague
N N

Gy-sets in (X, 7). Now IVcl (ﬂ(Aic)) =(Iv int(U A))° =0°=1. Hence (X,7)is an interval valued
i=1 i=1

vague Volterra space
Definition 3.7: An interval valued vague topological space (X,7) is called an interval valued vague weakly

N
Volterra space if IVcl ([ A|) # 0, where A/’s are interval valued vague dense and interval valued vague G 5 -set
i=1

in (X,7).
Example 3.8: Let X={ab}. The interval valued vague sets are defined as follows

A={x,[[0.3,0.4],[0.6,0.8]] [[0.3,0.4],[0.6,0.9]}}, B ={x,[[0.3,0.5],[0.6,0.7]], [[0.2,0.3],[0.4,0.5] ]},
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C ={< x,[[0.3,0.4],[0.6,0.7]][[0.1,0.3], [0.4,0.5]] >}and

D ={< x,[[0.3,0.5],[0.6,0.8]},[[0.3,0.4],[0.6,0.9]] >}. Clearly = ={0,1, A, B,C, D}is an interval valued
vague topology in  X. Thus(X,7)is an interval valued vague  topological  space.
IVel(A) =1, IVcl(B) =1, IVcl(D)=1. Now IVcI(ANBND)#=0. Therefore (X,7)is an interval
valued vague weakly Volterra space but it is not an interval valued vague Volterra space.

Definition 3.9: Let (X,7) be an interval valued vague topological space. An interval valued vague set A in

(X, 7) is called interval valud vague o - first category if A = U A where A, ’s are interval valued vague O -
i=1

nowhere dense set in (X, 7) . Any other interval valued vague set in (X, 7) is said to be interval valued vague o -

second category in (X, 7) .

Definition 3.10: An interval valued vague topological space (X, 7) is an interval valued vague o - first category

space ifl= U A , where A, s are interval valued vague o - nowhere dense set in (X,7). (X,7) is called an
i=1

interval valued vague vague o - second category space if it is not an interval valued vague o - first category space.

Theorem 3.11: If the interval valued vague topological space (X,7) is an interval valued vague o - second

category space, then (X, 7) is an interval valued vague weakly Volterra space.

Proof: Let Ai ’s (i=1,2,....,N) be interval valued vague dense and interval valued vague G s-setin (X,7). Then
by Theorem: 3.3 A s are interval valued vague o - nowhere dense set in (X,7). Let B, (o =12,......... ,00)
be an interval valued vague o - nowhere dense set in (X, 7) in which let us take the first N(B,)'Sas A’ . Since

(X, 7) is an interval valued vague o - second category space, U B, #1. Then (U B,) #1° = m B, #0.

a=1 a=1 a=1

© N 0
Then we have IVCI(ﬂ(Ba)C);tO. Since IVCI(ﬂ(Ba)°)SIVCI(ﬂ(Ba)C), then we have
a=1 a=1 a=1

N
Ivcl (ﬂ (B,)") #0, where A,’s (i=1,2,....,N) are interval valued vague dense and interval valued vague G-

a=1
setin (X, 7). Therefore (X, 7) is an interval valued vague weakly Volterra space.
Theorem 3.12:

N

(i) Let (X, 7) be an interval valued vague weakly Volterra space and if U(A,) =1, where Ai ’s are
i=1

interval valued vague F_-set in(X,7)then there exists atleast one A, in (X,7) with

IV int(A ) # 0.

N
(ii) If U(AI) =1 where A, s are interval valued vague F_ -setin (X,7)and if, IV int(A) =0 for
i1
atleast one (i=1,2,...N) then (X, 7) is an interval valued vague weakly Volterra space.
Proof: (i) = (ii) Suppose that IV int(A;) =0; for all i=1,2,...,N. Then (IV int(A))° =1= IVcl(A)° =1.

Therefore A ’s are interval valued vague dense set in X. A, ’s are interval valued vague F_ -setin (X, 7) implies
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N N
that A’s are interval valued vague Gg-set. Now , IVcl (ﬂ(Alc)) = Ivcl (LJAI)C = Vel ((1)°) =0.
i-1 i1

N

Therefore, 1Vcl (ﬂ (A7) =0, where A ’s are interval valued vague dense set and interval valued vague G-
i=1

set. This implies (X, 7) is not an interval valued vague weakly Volterra space, which is a contradiction. Therefore

IV int(A ) # O for atleast one i (i=1,2,.....N) in (X, 7).

N
(ii) = (i) Suppose that (X, 7) is not an interval valued vague weakly Volterra space. 1Vcl (ﬂ A) =0 where A,
i=1

’s are interval valued vague dense and interval valued vague Gg-set in(X,7). This implies that

N N
\Y int(U(A,.)C) =1 :>LJ(Ai)C =1, where A’’s are interval valued vague F_-set in (X,7)and
i1 i1
IV int( A)° =0( because IVCI(A)=1Vi=12,...,N) which is a contradiction to the hypothesis. Hence,
(X, 7) must be an interval valued vague weakly Volterra space.

Definition 3.13: An interval valued vague topological space (X, 7) is an interval valued vague almost resolvable

space if U A, =1, where the interval valued vague set, A,’s in (X,7)are such that IV int(A)=0.
i=1

Otherwise, (X, 7) is called an interval valued vague almost irresolvable.

Definition 3.14: An interval valued vague topological space (X,7) is called an interval valued vague p-space if

countable intersection of interval valued vague open sets in (X, 7) is an interval valued vague open in (X, 7).

Definition 3.15: An interval valued vague topological space (X, 7) is called an interval valued vague submaximal

space if for each interval valued vague set A in (X, 7) such that IVcl(A) =1,then Ae7 .

Theorem 3.16: If the interval valued vague topological space (X,7)is an interval valued vague almost

irresolvable space, then (X, 7) is an interval valued vague weakly Volterra space.

Proof: Let Ai ’s (i=1,2,....,N) be interval valued vague dense and interval valued vague G s-setin (X,7) . Now

IVcl(A)=1= IVint(A)° =0. Since (X,r)is an interval valued vague almost irresolvable space,

U B, # 1, where the interval valued vague sets B;'Sin (X,7) are such that IV int(B,) =0. Let us take the
i=1

first N(B;)'sas (A)®'sin (X, 7). Now, UBi zl= (U B,)¢ # 0. This implies that r](Bi)C # 0and

thus IVcI(ﬁ(Bi)C);tO. SinceIVcI(fN](Bi)C)sIVcI(ﬁ(Bi)°) then |Vc|((N](Bi)°)¢o. Hence

i=1

N N
Ivel (ﬂ((Ai)c)C) #0 replacing B, by (A)°, i=1, 2, ...,N. This implies IVcl (ﬂ(Ai) # 0. Therefore
i=1

(X, 7) is an interval valued vague weakly Volterra space.
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Theorem 3.17: If the interval valued vague topological space (X, 7) is an interval valued vague second category

and interval valued vague p- space, then (X, 7) is an interval valued vague weakly Volterra space.

Proof: Let A,’s (i=1,2,....,N) be interval valued vague dense and interval valued vague G 5-setin (X, 7). Since
(X, 7) is an interval valued vague p- spaces then interval valued vague G 5 -set Ai ’s are interval valued vague
open set in (X, 7). Then A, s (i=1,2,....,N) be interval valued vague dense and interval valued vague open set in

(X, 7). Then by theorem 2.9, A’ ’s are interval valued vague nowhere dense set in (X, 7). Since (X,7)is an

0
interval valued vague second category space U B, #1 where Bi 'S are interval valued vague nowhere dense set in
i=1

N N o0
(X, 7) .Let us take the first N(B;)'Sas (A)°'sin (X,7). Then, U(Ai)C = UBi c UBi #1. This
i=1 i=1

N N N =
implies that, (LJ(Ai)C)c #0 = ﬂ A #0. Thus IVcl (ﬂ A) #0, where A, s are interval valued vague
i=1 i=1 i=1
dense and interval valued vague G -setin (X,7).So (X,7) isan interval valued vague weakly Volterra space.
Theorem 3.18: If the interval valued vague topological space (X, 7) is an interval valued vague second category
and interval valued vague submaximal space, then (X, 7) is an interval valued vague weakly Volterra space.
Proof: Let A, ’s (i=1,2,....,N) be interval valued vague dense and interval valued vague G-setin (X, 7). Since
(X,7) is interval valued vague submaximal space, the interval valued vague dense set A, ’s are interval valued

vague open set in (X, 7). By theorem 2.9, A’ ’s are interval valued vague nowhere dense sets in (X, 7). Since

(X,7)is an interval valued vague second category space UBi #1 where Bi'Sare interval valued vague
i=1

N o0
nowhere dense set in (X, 7) .Let us take the first N(B;)'sas (A)°'sin (X,7). Then, U(Ai)c < UBi and
i=1

i=1
© N N N
U B, #1, implies thatU(Ai)C # 1 This implies that, ﬂ A # 0and hence IVcl (ﬂ A)#0, where A s are
i—1 i=1 i=1 i=1
interval valued vague dense and interval valued vague G -setin (X, 7). Therefore (X, 7) is an interval valued

vague weakly Volterra space.
Theorem 3.19: If the interval valued vague topological space (X,7) is not an interval valued vague weakly

Volterra space, then (X, 7) is an interval valued vague o - first category space.
Proof: Let B,'S (i=12,.....,00) be an interval valued vague o - nowhere dense sets in an interval valued

vague topological space (X, 7) which is not an interval valued vague weakly Volterra space. Now, we claim that

U B, =1. Suppose that U B, #1. Then ﬂ(Bi)C # 0. Since B;'S are interval valued vague o - nowhere
i=1 i=1 i=1

dense set in (X, 7) by theorem 3.3, (B, )¢'s are interval valued vague dense and interval valued vague G(; -set in

(X, 7). Now, ﬁ(Bi)C c ﬁ(Bi)c implies that ftl](Bi)C #0, Let A =(B;)°, then ﬁ(Ai) # 0 implies
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N

that 1Vcl (ﬂ(AI)) # 0, where A,’s are interval valued vague dense and interval valued vague G -set in
i=1

(X, 7). But this is a contradiction, since (X, 7) is not an interval valued vague weakly Volterra space. Hence

U B, =1. Therefore, (X, 7) is an interval valued vague o - first category space.

i=1

Theorem 3.20: If an interval valued vague topological space (X, 7) is an interval valued vague weakly Volterra

space, then (X, 7) is not an interval valued vague o - baire space.

N
Proof: Let (X, 7) be an interval valued vague weakly Volterra space. Then, we have 1Vcl (ﬂ A) # 0, where
i=1
A;'s are interval valued vague dense and interval valued vague G-set in (X, 7). Since A;'Sare interval valued
vague dense and interval valued vague Gz -set in (X, 7), then by theorem 3.3 . Let B;'s (i =1,2,.....00) be an
interval valued vague o - nowhere dense set in (X, 7) in which the first N interval valued vague o - nowhere

N 0 N ©
dense set be A°'s. Now U(Aic)sﬂBi . Then IV int(U(AiC))S v int(ﬂ B,) this implies that
i=1 i=1

i=1 i=1

are interval valued vague o - nowhere dense set (X, 7). Hence (X, 7) is not an interval valued vague o - baire
space.

Remark: The interrelations between interval valued vague weakly Volterra space and other spaces are summarized
in the following diagram:

MMTERVAL VALUTD WAGLE
» SPALT AMD INTERVAL
WALUE VAGLA SEOOMD

carrcoey
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